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Abstract In this paper, we prove the Ho¨lder continuity for solutions to the
complex Monge-Ampe`re equations on non-smooth pseudoconvex domains of
plurisubharmonic type m.
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1 Introduction
Let Ω be an open set in Cn. An upper semi-continuous function u : Ω →
[−∞,+∞) is called plurisubharmonic on Ω if for every complex line l of Cn,
u|l∩Ω is a subharmonic function in l∩Ω. The set of plurisubharmonic functions
on Ω is denoted by PSH(Ω). According to the fundamental work of Bedford
and Taylor [5] (also see [4]), the complex Monge-Ampe`re operator (ddc.)n
is well-defined over the class of locally bounded plurisubharmonic functions.
Cegrell [11] introduced a classes of unbounded plurisubharmonic functions on
bounded hyperconvex domain on which the complex Monge-Ampe`re can be
defined.
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2 Nguyen Xuan Hong, Tran Van Thuy
The Dirichlet problem for the complex Monge-Ampe`re equation is one
of the important and central problems of pluripotential theory. Assume that
φ ∈ C(∂Ω), 0 ≤ f ∈ Lp(Ω) with p > 1. The Dirichlet problem is the problem
of finding a function u satisfying:
MA(Ω, φ, f) :


u ∈ PSH(Ω) ∩ L∞(Ω),
(ddcu)n = fdV,
limz→ξ u(z) = φ(ξ), ∀ξ ∈ ∂Ω.
When Ω is a smooth, bounded strictly pseudoconvex domain in Cn, there
are some known results for the existence and regularity for this problem due
to [4], [5] and [9]. Bedford and Taylor [4] proved that if φ ∈ C2α(∂Ω) with
0 < α ≤ 1 and f 1n ∈ Cα(Ω) then MA(Ω, φ, f) has a unique plurisubharmonic
solution u ∈ Cα(Ω). Next, Bedford and Tayloy [5] showed that if f ∈ C(Ω) then
there exists a continuous solution u on Ω. Later, Caffarelli, Kohn, Nirenberg
and Spruck [9] studied the global regularity. They proved that if f ∈ C∞(Ω)
is strictly positive and φ ∈ C∞(∂Ω) then MA(Ω, φ, f) has a unique plurisub-
harmonic solution u ∈ C∞(Ω).
When Ω is a non-smooth pseudoconvex domain, the problem becomes
much more complicated. B locki [7] gave a charaterization for the existence
of a continuous and plurisubharmonic solution on hyperconvex domains in
Cn. Ko lodziej [25] proved that there exists a unique continuous solution to
MA(Ω, φ, f) on strictly pseudoconvex domains. Li [30] studied the problem
on a bounded pseudoconvex domain in Cn with C2 boundary. He proved that
if Ω is bounded pseudoconvex domain of plurisubharmonic type m with C2
boundary, φ ∈ Cmα(∂Ω) with 0 < α ≤ 2
m
and f
1
n ∈ Cα(Ω) then MA(Ω, φ, f)
has a unique solution u ∈ Cα(Ω). Guedj, Ko lodziej and Zeriahi [17] studied
the problem in bounded strongly pseudoconvex domains. They showed that if
φ ∈ C1,1(∂Ω) then the unique solution u to MA(Ω, φ, f) is α-Ho¨lder continu-
ous on Ω, for any
0 < α ≤ 2
1 + np
p−1
.
Cuong [15] generalized the theorem of [17] to complex Hessian equation. Chara-
bati [13] proved the Ho¨lder regularity for solutions toMA(Ω, φ, f) in bounded
strongly hyperconvex Lipschitz domain. Recently, Baracco, Khanh, Pinton and
Zampieri [2] generalized the theorem of [17] to C2 smooth bounded pseudo-
convex domain of plurisubharmonic type m under the assumption that the
boundary data φ ∈ Cα(∂Ω) with 0 < α ≤ 2. Note that the technique of [2] is
not valid when Ω is not C2 smooth.
Main purpose of this paper is to generalize the theorem of [2] from C2
smooth bounded pseudoconvex domain of plurisubharmonic type m to non-
smooth pseudoconvex domains of plurisubharmonic type m. First we give the
following definition which is an extension of Li [30] (also see [2]).
Definition 1 Let m > 0 and let Ω be a pseudoconvex domain in Cn. We
say that Ω is of plurisubharmonic type m if there exists a bounded negative
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function ρ ∈ C 2m (Ω) such that {ρ < −ε} ⋐ Ω, ∀ε > 0 and ρ(z) − |z|2 is
plurisubharmonic in Ω.
Note that every smooth bounded strictly pseudoconvex domain in Cn is of
plurisubharmonic type 1. Our main result is the following theorem.
Theorem 1 Let m > 0 and let Ω be a pseudoconvex domain of plurisubhar-
monic type m. Let φ ∈ Cα(∂Ω) with 0 < α ≤ 2 and let 0 ≤ f ∈ Lp(Ω) with
p > 1. Assume that either Ω is bounded or the support of f is compact on
Ω. Then, there exists a bounded, γ-Ho¨lder continuous solution u(Ω, φ, f) to
MA(Ω, φ, f) for all
0 < γ < min
(
α
2m
,
α
2
,
1
2m(1 + np
p−1 )
,
1
2(1 + np
p−1 )
)
.
The paper is organized as follows. In section 2 prove that there exists a
bounded solution to MA(Ω, φ, f). Section 3 is devoted to prove Theorem 1.
2 The existence
Some elements of pluripotential theory that will be used throughout the paper
can be found in [1]-[32]. A bounded domain Ω ⊂ Cn is called hyperconvex if
there exists a bounded plurisubharmonic function ρ such that {z ∈ Ω : ρ(z) <
c} ⋐ Ω, for every c ∈ (−∞, 0).
First, we have the following.
Proposition 1 Let S be a subset of Cn and let ϕ : S → R. Assume that
α > 0. Then, the following statements are equivalent.
(a) ϕ is α-Ho¨lder continuous on S, i.e.
sup
ξ,ζ∈S, ξ 6=ζ
|ϕ(ξ) − ϕ(ζ)|
|ξ − ζ|α < +∞.
(b) There exist N, δ0 > 0 such that |ϕ(ξ)| ≤ N , ∀ξ ∈ S and
|ϕ(ξ) − ϕ(ζ)| ≤ Nδα, ∀δ ∈ (0, δ0), ∀ξ, ζ ∈ S, |ξ − ζ| ≤ δ.
The set of all α-Ho¨lder continuous functions on S is denoted by Cα(S).
Proof (a) ⇒ (b) is obvious. We prove (b) ⇒ (a). Put
M := N + 2δ−α0 sup
z∈S
|ϕ(z)|.
Let ξ, ζ ∈ S. If |ξ − ζ| < δ0 then
|ϕ(ξ)− ϕ(ζ)| ≤ N |ξ − ζ|α ≤M |ξ − ζ|α.
We now assume that |ξ − ζ| ≥ δ0. We have
|ϕ(ξ)− ϕ(ζ)| ≤ 2 sup
z∈S
|ϕ(z)| ≤Mδα0 ≤M |ξ − ζ|α.
Therefore, |ϕ(ξ) − ϕ(ζ)| ≤M |ξ − ζ|α for all ξ, ζ ∈ S. The proof is complete.
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We need the following.
Lemma 1 Let m > 0 and let Ω be a pseudoconvex domain of plurisubhar-
monic type m. Let ρ be as in Definition 1 and let φ ∈ Cα(∂Ω) with 0 < α ≤ 2.
Define
M := sup
ξ∈∂Ω
|φ(ξ)| + sup
ξ,ζ∈∂Ω,ξ 6=ζ
|φ(ξ)− φ(ζ)|
|ξ − ζ|α
and
u = u(Ω, φ, 0) := sup{ϕ ∈ PSH(Ω) : ϕ ≤ min(φ(ξ) − hξ,M), ∀ξ ∈ ∂Ω},
where
hξ(z) := −4M
[−ρ(z) + |z − ξ|2]α2 , z ∈ Ω, ξ ∈ ∂Ω.
Then, u is a bounded solution to MA(Ω, φ, 0). Moreover, u ∈ Cmin( αm ,α)(Ω).
Proof We use the technique of Li [30] (also see [2]). By the hypotheses it
implies that hξ ∈ PSH(Ω), ∀ξ ∈ ∂Ω. Fix ζ, ξ ∈ ∂Ω and z ∈ Ω. Since ρ ≤ 0
in Ω, φ ∈ Cα(∂Ω) and 0 < α ≤ 2, by the definitions of hζ and hξ,
φ(ζ) + hζ(z) ≤ φ(ξ) +M |ζ − ξ|α + hζ(z)
≤ φ(ξ) +M [|z − ζ|+ |z − ξ|]α − 4M |z − ζ|α
≤ φ(ξ) + 4M |z − ξ|α
≤ φ(ξ) − hξ(z).
Hence,
φ(ζ) + hζ ≤ φ(ξ) − hξ in Ω, ∀ζ, ξ ∈ ∂Ω.
Therefore, −M ≤ u ≤M and
sup
ξ∈∂Ω
[φ(ξ) + hξ] ≤ u ≤ inf
ξ∈∂Ω
[φ(ξ) − hξ] on Ω. (1)
This implies that
lim
z→ξ
u(z) = φ(ξ), ∀ξ ∈ ∂Ω.
We claim that u is maximal plurisubharmonic in Ω. Indeed, let G ⋐ Ω be
an open set and let v ∈ PSH(Ω) with v ≤ u on Ω\G. Let ξ ∈ ∂Ω. Since
hξ ∈ PSH(Ω) so kξ(z) := −min(φ(ξ) − hξ(z),M) ∈ PSH(Ω). By (1) and
using the maximum principle,
sup
Ω
[v + kξ] = sup
Ω\G
[v + kξ] ≤ sup
Ω\G
[u+ kξ] ≤ 0.
Hence,
v ≤ −kξ = min(φ(ξ) − hξ,M) in Ω,
for every ξ ∈ ∂Ω. By the definition of u this implies that v ≤ u in Ω. Thus,
u is a maximal plurisubharmonic function in Ω. This proves the claim, and
therefore, u is a bounded solution to MA(Ω, φ, 0).
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It remains to prove that u ∈ Cmin( αm ,α)(Ω). Let 0 < δ ≤ 1. Put
Ωδ := {z ∈ Ω : dist(z, ∂Ω) > δ},
and
uδ(z) := sup
B(z,δ)
u, z ∈ Ωδ.
Let z ∈ ∂Ωδ and w ∈ B(z, δ). Choose ξ ∈ ∂Ω such that |z− ξ| < 2δ. From (1)
we have
u(w) − u(z) ≤ φ(ξ)− hξ(w) − u(z) ≤ −hξ(z)− hξ(w).
For simplicity we use the notation . to denote that the inequality is up to a
positive constant independent of z, w, ξ, δ. Since ρ ∈ C 2m (Ω) and ρ(ξ) = 0, so
u(w)− u(z) . [ρ(ξ)− ρ(z)]α2 + |z − ξ|α + [ρ(ξ)− ρ(w)]α2 + |w − ξ|α
. |z − ξ| αm + |z − ξ|α + |w − ξ| αm + |w − ξ|α
. δ
α
m + δα . δmin(
α
m
,α).
Hence,
u(w)− u(z) ≤ Bδmin( αm ,α),
where B is a positive constant independent of w, z, δ. Therefore,
u(z) ≥ uδ(z)−Bδmin( αm ,α), ∀z ∈ ∂Ωδ. (2)
Now, put
ϕδ :=
{
max(uδ −Bδmin( αm ,α), u) on Ωδ
u on Ω\Ωδ
.
Then, from (2) we have ϕδ ∈ PSH(Ω). Now, let ξ ∈ ∂Ω. Choose R > 0 such
that
− hξ ≥ 2M on Ω\B(0, R). (3)
Since ϕδ ≤M in Ω and u = ϕδ = φ on ∂Ω, by (1) it implies that
ϕδ − φ(ξ) + hξ ≤ 0 on ∂(Ω ∩B(0, R)).
Hence, by the maximum principle,
ϕδ − φ(ξ) + hξ ≤ 0 on Ω ∩B(0, R).
Combining this with (3) we arrive at
ϕδ ≤ φ(ξ) − hξ on Ω, ∀ξ ∈ ∂Ω.
Therefore, by the definition of u we infer that
ϕδ ≤ u in Ω.
Thus,
uδ ≤ ϕδ +Bδmin( αm ,α) ≤ u+Bδmin( αm ,α) on Ωδ.
By Proposition 1, it implies that u ∈ Cmin( αm ,α)(Ω). The proof is complete.
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Next, we will prove that there exists a bounded solution to MA(Ω, φ, f)
in pseudoconvex domains of plurisubharmonic type m.
Lemma 2 Let m > 0 and let Ω be a pseudoconvex domain of plurisub-
harmonic type m. Let ρ be as in Definition 1 and let φ ∈ Cα(∂Ω) with
0 < α ≤ 2. Let u(Ω, φ, 0) be as in Lemma 1. Then, for every p > 1 and
for every 0 ≤ f ∈ Lp(Ω) with compact support in Ω, there exist a constant
A > 0 and a bounded solution u(Ω, φ, f) to MA(Ω, φ, f) such that
u(Ω, φ, 0) +Aρ ≤ u(Ω, φ, f) ≤ u(Ω, φ, 0) on Ω.
Proof Put u0 := u(Ω, φ, 0). First, we claim that there exist A > 0 and ψ ∈
PSH(Ω) ∩ L∞(Ω) such that Aρ ≤ ψ ≤ 0 and
(ddcψ)n ≥ fdV in Ω.
Indeed, let δ be a positive real number and let D be a smoothly bounded
strongly pseudoconvex domain such that
suppf ⋐ {ρ < −δ} ⋐ D.
By Theorem 3 in [25] there is a continuous solution ψ0 toMA(D, 0, f). Choose
A > 0 such that suppf ⋐ D ∩ {ψ0 > A(ρ+ δ)}. Put
ψ :=
{
max(ψ0 −Aδ,Aρ) on D,
Aρ on Ω\D.
It is easy to see that ψ ∈ PSH(Ω) ∩ L∞(Ω) and Aρ ≤ ψ ≤ 0 on Ω. Since
suppf ⋐ D ∩ {ψ > Aρ}, by Theorem 4.1 in [29],
(ddcψ)n ≥ 1D∩{ψ>Aρ}(ddcψ)n = 1D∩{ψ>Aρ}(ddc(ψ0 −Aδ))n = fdV in Ω.
This proves the claim.
Now, let {Ωj} be an increasing sequence of smoothly bounded strongly
pseudoconvex domains such that suppf ⋐ Ωj ⋐ Ωj+1 ⋐ Ω, ∀j ≥ 1 and
Ω =
⋃∞
j=1Ωj . By Theorem 3 in [25] there exist continuous solutions uj to
MA(Ωj , u0, f). Since u0 + ψ ≤ uj ≤ u0 on ∂Ωj and
(ddc(u0 + ψ))
n ≥ (ddcuj)n ≥ (ddcu0)n,
by the comparison principle we have
u0 + ψ ≤ uj ≤ u0 on Ωj .
It follows that
uj+1 ≤ u0 = uj on ∂Ωj .
Again by the comparison principle,
uj+1 ≤ uj on Ωj .
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Put u := limj→∞ uj . Since
u0 +Aρ ≤ u0 + ψ ≤ u ≤ u0 on Ω
so u ∈ PSH(Ω) ∩ L∞(Ω) and (ddcu)n = fdV in Ω. Thus, u is a bounded
solution to MA(Ω, φ, f). The proof is complete.
From Theorem 3 in [25] and Lemma 2 we give
Proposition 2 Let m > 0 and let Ω be a pseudoconvex domain of plurisub-
harmonic type m. Let φ ∈ Cα(∂Ω) with 0 < α ≤ 2 and let 0 ≤ f ∈ Lp(Ω) with
p > 1. Assume that either Ω is bounded or the support of f is compact on Ω.
Then, there exists a bounded solution to MA(Ω, φ, f).
Note that the uniqueness of solutions in bounded domains implies from
Theorem 3.9 in [12]. On unbounded domains, the uniqueness of solutions is
still open.
3 Ho¨lder continuity
First, we prove the following lemma.
Lemma 3 Let m > 0 and let Ω be a pseudoconvex domain of plurisubhar-
monic type m. Let p > 1 and let 0 ≤ f ∈ Lp(Ω) with compact support on Ω.
Assume that u ∈ PSH(Ω)∩L∞(Ω) such that (ddcu)n = fdV in Ω. Then, for
every
0 ≤ γ < 1
1 + np
p−1
,
there exists a positive constant Aγ such that
sup
Ω
(v − u) ≤ Aγ
(∫
suppf
|u− v|dV
)γ
,
for every v ∈ PSH(Ω) with {u ≤ v − ε} ⋐ Ω, ∀ε > 0.
Proof The proof is almost the same as the one given by [17]. For convenience
to readers, we sketch the proof of the lemma. Let ρ be as in Definition 1. Fix
v ∈ PSH(Ω) such that
{u ≤ v − δ} ⋐ Ω, ∀δ > 0.
For simplicity, by . denote inequalities up to a positive constant independent
of v. Put
ε :=
(∫
suppf
|u− v|βn
)γ
and
τ :=
γq
1− γ(nq + 1) ,
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where q = p
p−1 and β := dd
c|z|2. Without loss of generality we can assume
that 0 < ε < +∞. The proof is split into two steps.
Step 1. We prove that there exists a constant Bτ > 0 such that∫
E
dV ≤ Bτ [Cap(E,Ω)]q(1+nτ) ,
for every Borel subset E ⊂ suppf , where
Cap(E,Ω) := sup{
∫
E
(ddcϕ)n : ϕ ∈ PSH(Ω),−1 ≤ ϕ ≤ 0}.
Indeed, let δ > 0 and let D be a bounded hyperconvex domain such that
suppf ⋐ {ρ < −2δ} ⋐ {ρ < −δ} ⋐ D ⋐ Ω.
Assume that ϕ ∈ PSH(D) with −1 ≤ ϕ ≤ 0 and define
ψ :=
{
max(δϕ, ρ+ δ) on D,
ρ+ δ on Ω\D.
Then, ψ ∈ PSH(Ω) and −δ ≤ ψ ≤ δ in Ω. Let E ⊂ suppf be a Borel set.
Since
ϕ =
ψ
δ
in {ρ < −2δ},
by Theorem 4.1 in [29] we arrive at∫
E
(ddcϕ)n =
∫
E
(
ddc
ψ
δ
)n
= 2n
∫
E
(
ddc
ψ − δ
2δ
)n
≤ 2nCap(E,Ω).
This implies that
Cap(E,D) ≤ 2nCap(E,Ω).
Since q(1 + nτ) > 1, by Proposition 1.4 in [17] there exists a constant Cτ > 0
independent of E such that∫
E
dV ≤ Cτ [Cap(E,D)]q(1+nτ) .
Therefore, ∫
E
dV ≤ Bτ [Cap(E,Ω)]q(1+nτ) ,
where Bτ = 2
nCτ is a positive constant independent of E.
Step 2. Consider the decreasing right continuous function g defined on R+
by
g(s) := [Cap(Us, Ω)]
1
n , where Us := {u− v < −2ε− s}.
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First, we claim that
tg(s+ t) . [g(s)]1+nτ for all t, s > 0.
Indeed, fix s, t > 0. Let Ω′ be a smoothly bounded strongly pseudoconvex
domain such that {u− v < −ε} ⋐ Ω′ ⋐ Ω. Since
lim inf
Ω′∋z→∂Ω′
(u+ 2ε− v) ≥ 0,
by Lemma 1.3 in [17] we arrive at
tn[g(s+ t)]n = tnCap(Us+t, Ω)
≤ tnCap({u+ 2ε− v < −s− t}, Ω′)
≤
∫
{u+2ε−v<−s}
(ddcu)n =
∫
suppf∩Us
fdV.
By Step 1 and using the Ho¨lder inequality,
tg(s+ t) ≤
(∫
suppf∩Us
fdV
) 1
n
.
(∫
suppf∩Us
dV
) 1
nq
. [Cap(suppf ∩ Us, Ω)]
1+nτ
n
≤ [Cap(Us, Ω)]
1+nτ
n = [g(s)]1+nτ .
This proves the claim, and therefore, by Lemma 1.5 in [17] we get g(s) = 0 for
all s ≥ s∞, where
s∞ . [g(0)]nτ .
It follows that
u− v ≥ −2ε− s∞ on Ω.
Therefore, by Lemma 1.3 in [17] and using the Ho¨lder inequality, we get
sup
Ω
(v − u) ≤ 2ε+ s∞ . ε+ [g(0)]nτ
≤ ε+ [Cap({u− v < −2ε}, Ω′)]τ
. ε+
[
ε−n
∫
Ω′∩{u+ε−v<− ε
2
}
(ddcu)n
]τ
= ε+
(
ε−n
∫
Ω′∩{u+ε−v<− ε
2
}
fdV
)τ
. ε+
(
ε−n−
1
q
∫
suppf
f |u− v| 1q dV
)τ
. ε+
[
ε−n−
1
q
(∫
suppf
|u− v|dV
) 1
q
]τ
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= ε+ ε(−n−
1
q
+ 1
qγ
)τ = 2ε.
The proof is complete.
Lemma 4 Let m > 0 and let Ω be a pseudoconvex domain of plurisub-
harmonic type m. Let ρ be as in Definition 1 and let φ ∈ Cα(∂Ω) with
0 < α ≤ 2. Let u(Ω, φ, 0) be as in Lemma 1. Then, for every p > 1 and
for every 0 ≤ f ∈ Lp(Ω) with compact support on Ω, there exist a constant
A > 0 and a bounded solution u(Ω, φ, f) to MA(Ω, φ, f) such that
u(Ω, φ, 0) +Aρ ≤ u(Ω, φ, f) ≤ u(Ω, φ, 0) on Ω.
Moreover, u(Ω, φ, f) ∈ Cγ(Ω) for all
0 < γ < min
(
α
2m
,
α
2
,
1
1 + np
p−1
)
.
Proof The existence imply from Lemma 2. It remains to prove that u(Ω, φ, f) ∈
Cγ(Ω) for all
0 < γ < min
(
α
2m
,
α
2
,
1
1 + np
p−1
)
.
Put v := Aρ, w := u(Ω, φ, 0) and u := u(Ω, φ, f). It is easy to see that
v ∈ C 2m (Ω). By Lemma 1 and Lemma 2 we have w ∈ Cmin( αm ,α)(Ω) and
v + w ≤ u ≤ w on Ω. (4)
Fix 0 < γ < min
(
α
2m ,
α
2 ,
1
1+ np
p−1
)
. Choose δ0 ∈ (0, 1) such that suppf +
B(0,
√
δ0) ⋐ Ω. Let δ ∈ (0, δ0) and let ϕ ∈ PSH(Ω). We define
Ωδ := {z ∈ Ω : dist(z, ∂Ω) > δ},
ϕδ(z) := sup
B(z,δ)
ϕ, z ∈ Ωδ
and
ϕˆδ(z) :=
1
σ2nδ2n
∫
B(z,δ)
ϕdV, z ∈ Ωδ,
where σ2n is the volume of the unit ball in C
n. For simplicity we use the nota-
tion . to denote that the inequality is up to a positive constant independent
of z, ξ, δ. Since 2γ < min( α
m
, α) ≤ 2
m
so v, w ∈ C2γ(Ω). Hence,
w(ξ) − w(z) . |z − ξ|2γ . δ2γ ,
for every z ∈ Ωδ and for every ξ ∈ B(z, δ). Therefore,
wδ − w . δ2γ on Ωδ.
By the the hypotheses, we get
uδ − u ≤ wδ − w − v . −v + δ2γ on Ωδ. (5)
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Since v = 0 on ∂Ω and v ∈ C2γ(Ω), so
|v| . δ2γ on ∂Ωδ.
Combining this with (5) we arrive at
uδ − u . δ2γ on ∂Ωδ.
It implies that there is a positive constant A independent of δ such that
wδ ≤ w +Aδ2γ , vδ ≤ v +Aδ2γ on Ωδ and uδ ≤ u+Aδ2γ on ∂Ωδ. (6)
Since u ∈ PSH(Ω) and suppf + B(0,√δ0) ⋐ Ω, so∫
suppf+B(0,
√
δ0)
∆u < +∞. (7)
From Jensen’s formula and using polar coordinates, for every z ∈ Ω√
δ
,
uˆ√δ(z)− u(z) =
1
σ2n−1δn
∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
(∫
|ξ−z|≤t
∆u(ξ)
)
dt.
Hence, by (7) and using Fubini’s theorem we infer at
∫
suppf
[uˆ√δ(z)− u(z)]dV (z) =
1
σ2n−1δn
∫
suppf
[∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
×
(∫
|ξ−z|≤t
∆u(ξ)
)
dt
]
dV (z)
. δ−n
∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
×
[∫
|ξ|≤t
(∫
suppf
∆u(z + ξ)
)
dV (ξ)
]
dt
. δ−n
∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
×
[∫
|ξ|≤t
(∫
suppf+B(0,
√
δ0)
∆u
)
dV (ξ)
]
dt
. δ.
(8)
Now, we set
U√
δ
:=
{
max(u√δ − 4Aδγ , u) on Ω√δ
u on Ω\Ω√
δ
and
Uˆ√δ :=
{
max(uˆ√
δ
− 4Aδγ , u) on Ω√
δ
u on Ω\Ω√δ.
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Then, U√
δ
, Uˆ√
δ
∈ PSH(Ω). Since v + w ≤ u ≤ w on Ω so by (6) we get
u√δ ≤ w√δ ≤ w +Aδγ
≤ u− v +Aδγ ≤ u+ 4Aδγ
on Ω√δ ∩ {v ≥ −3Aδγ}. From the hypotheses,
{u < Uˆ√δ} ⊂ Ω√δ ∩ {u < u√δ − 4Aδγ} ⊂ Ω√δ ∩ {v < −3Aδγ} ⋐ Ω.
Moreover, since Uˆ√
δ
≤ uˆ√
δ
in Ω√
δ
and 0 < γ < 11+ np
p−1
, by Lemma 3 and
using (8) we have
sup
Ω
(Uˆ√
δ
− u) .
(∫
suppf
|Uˆ√
δ
− u|dV
)γ
≤
(∫
suppf
|uˆ√δ − u|dV
)γ
. δγ .
(9)
Lemma 4.3 in [18] implies that
|uˆδ(x) − uˆδ(y)| ≤
‖u‖L∞(Ω)|x− y|
δ
, ∀x, y ∈ Ωδ.
Let z ∈ Ω2√δ ⊂ Ω2δ. Since u ≤ uˆδ in Ωδ, we get
uδ(z) = sup
t∈B(0,δ)
u(z + t) ≤ sup
t∈B(0,δ)
uˆ√
δ
(z + t)
≤ uˆ√
δ
(z) +
√
δ‖u‖L∞(Ω).
Hence, by (9) we arrive at
sup
Ω
2
√
δ
(uδ − u) . sup
Ω
2
√
δ
(uˆ√
δ
− u) +
√
δ
. sup
Ω
(Uˆ√
δ
− u) + δγ +
√
δ
. δγ .
(10)
Now, since v = 0 on ∂Ω and v ∈ C2γ(Ω) so by (4) we get
w − δγ . u . w on Ω\Ω2√δ.
Moreover, since w ∈ C2γ(Ω), this follows that
uδ . u+ δ
γ on Ωδ\Ω2√δ.
Combining this with (10) and using Proposition 1, we infer at u ∈ Cγ(Ω). The
proof is complete.
Now, we give the proof of Theorem 1.
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Proof When the support of f is compact on Ω, the statement follows from
Lemma 4. We now assume that Ω is bounded. By Theorem 3 in [25] and
Theorem 3.9 in [12], there exists a unique solution u toMA(Ω, φ, f). It remains
to prove that u ∈ Cγ(Ω) for all
0 < γ < γm,α,p := min
(
α
2m
,
α
2
,
1
2m(1 + np
p−1 )
,
1
2(1 + np
p−1 )
)
.
Fix γ ∈ (0, γm,α,p). Let D be a bounded strictly pseudoconvex domain such
that Ω ⋐ D. Since D is pseudoconvex domain of plurisubharmonic type 2, by
Lemma 4 there exists a γ′-Ho¨lder solution u′ to MA(D, 0, 1Ωf) for all
0 < γ′ <
1
1 + np
p−1
.
Applying Lemma 1, there exists a min(γ
′
m
, γ′)-Ho¨lder solution φ′ toMA(Ω,−u′, 0)
for all
0 < γ′ <
1
1 + np
p−1
.
Put v := u′ + φ′. Then, v ∈ PSH(Ω), v = 0 on ∂Ω and v ∈ Cmin( γ
′
m
,γ′)(Ω) for
all
0 < γ′ <
1
1 + np
p−1
.
Again by Lemma 1, there exists a min( α
m
, α)-Ho¨lder solution w toMA(Ω, φ, 0).
Since v + w = u = w on ∂Ω and
(ddc(v + w))n ≥ (ddcu′)n = (ddcu)n ≥ (ddcw)n in Ω,
by the comparison principle we infer at
v + w ≤ u ≤ w on Ω.
Let δ ∈ (0, 1) and let Ωδ, uδ, uˆδ be as in proof of Lemma 4. For simplicity we
use the notation . to denote that the inequality is up to a positive constant
independent of z, ξ, δ. Since
0 < 2γ < 2γm,α,p = min
(
min
( α
m
,α
)
,min
(
1
m(1 + np
p−1 )
,
1
1 + np
p−1
))
so v, w ∈ C2γ(Ω). Hence,
w(ξ) − w(z) . |z − ξ|2γ . δ2γ ,
for every z ∈ Ωδ and for every ξ ∈ B(z, δ). Therefore,
wδ − w . δ2γ on Ωδ.
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By the the hypotheses, we get
uδ − u ≤ wδ − w − v . −v + δ2γ on Ωδ. (11)
Since v = 0 on ∂Ω and v ∈ C2γ(Ω), so
|v| . δ2γ on ∂Ωδ.
Combining this with (11) we arrive at
uδ − u . δ2γ on ∂Ωδ.
It implies that there is a constant A ≥ ‖v‖C2γ(Ω) + ‖w‖C2γ(Ω) independent of
δ such that
wδ ≤ w +Aδ2γ , vδ ≤ v +Aδ2γ on Ωδ and uδ ≤ u+Aδ2γ on ∂Ωδ. (12)
It follows that
{v < −3Aδ2γ}+ B(0, δ) ⊂ {v < −2Aδ2γ}. (13)
Now, we set
U√δ :=
{
max(u√
δ
− 4Aδγ , u) on Ω√
δ
u on Ω\Ω√δ
and
Uˆ√
δ
:=
{
max(uˆ√δ − 4Aδγ , u) on Ω√δ
u on Ω\Ω√
δ
.
From (12) we have U√δ, Uˆ√δ ∈ PSH(Ω). Since v + w ≤ u ≤ w on Ω so again
by (12) we get
u√
δ
≤ w√
δ
≤ w +Aδγ
≤ u− v +Aδγ ≤ u+ 4Aδγ
on Ωδ ∩ {v ≥ −3Aδγ}. Hence,
{u < Uˆ√
δ
} ⊂ Ω√
δ
∩ {u < u√
δ
− 4Aδγ} ⊂ Ω√
δ
∩ {v < −3Aδγ} ⋐ Ω. (14)
From Jensen’s formula and using polar coordinates, for every z ∈ Ω√
δ
,
uˆ√
δ
(z)− u(z) = 1
σ2n−1δn
∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
(∫
|ξ−z|≤t
∆u(ξ)dV (ξ)
)
dt.
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By Fubini’s theorem, using (13) and (14) we infer at
∫
{u<Uˆ√
δ
}
(uˆ√δ − u)dV . δ−n
∫ √δ
0
r2n−1dr
∫ r
0
t1−2n
×
[∫
|ξ|≤t
(∫
{u<Uˆ√
δ
}+B(0,√δ)
∆udV
)
dV (ξ)
]
dt
. δ
∫
{v<−2Aδγ}
∆udV
. δ
∫
{v<−2Aδγ}
ddcu ∧ (ddc|z|2)n−1.
Since v + w ≤ u ≤ v on Ω, v = 0 on ∂Ω, v ∈ C2γ(Ω) and 0 ≤ 2γ, δ ≤ 1 so
{v < −2Aδγ} ⊂ {2v + w + 2Aδγ < u} ⊂ {v < −Aδγ} ⊂ Ω√
δ
⋐ Ω.
Therefore, by the comparison principle,∫
{u<Uˆ√δ}
(uˆ√
δ
− u)dV . δ
∫
{2v+w+2Aδγ<u}
ddcu ∧ (ddc|z|2)n−1
≤ δ
∫
{2v+w+2Aδ2γ<u}
ddc(2v + w + 2Aδγ) ∧ (ddc|z|2)n−1
. δ
∫
Ω√
δ
ddch ∧ (ddc|z|2)n−1,
where h = v + w ∈ PSH(Ω) ∩ C2γ(Ω). Since Ω is bounded, so∫
Ω
dV < +∞.
Again, applying Jensen’s formula and Fubini’s theorem, we obtain∫
{u<Uˆ√
δ
}
(uˆ√δ − u)dV . δ
∫
Ω√
δ
ddch ∧ (ddc|z|2)n−1
. δ−n
∫ √δ
2
0
r2n−1dr
∫ r
0
t1−2n
×
[∫
|ξ|≤t
(∫
Ω√
δ
∆h(z)dV (z)
)
dV (ξ)
]
dt
. δ−n
∫ √δ
2
0
r2n−1dr
∫ r
0
t1−2n
×

∫
|ξ|≤t

∫
Ω√
δ
2
∆h(z + ξ)dV (z)

 dV (ξ)

 dt
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= δ−n
∫
Ω√
δ
2
[∫ √δ
2
0
r2n−1dr
∫ r
0
t1−2n
×
(∫
|ξ−z|≤t
∆u(ξ)dV (ξ)
)
dt
]
dV (z)
.
∫
Ω√δ
2
(hˆ√δ
2
− h)dV . δγ
∫
Ω
dV . δγ .
Combining this with (14) , Theorem 1.1 in [17] and Lemma 4.3 in [18] we
arrive at
sup
Ω
2
√
δ
(uδ − u) . sup
Ω
2
√
δ
(uˆ√δ − u) +
√
δ
. sup
Ω
(Uˆ2
√
δ
− u) + δγ +
√
δ
.
(∫
{u<Uˆ
2
√
δ
}
|Uˆ2√δ − u|dV
)γ
+ δγ
. δγ .
By Proposition 1, we obtain u ∈ Cγ(Ω). The proof is complete.
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